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e Review: The infinite-horizon fair-coin game for the
strong law of large numbers.

e T he finite-horizon fair-coin game for the weak law
of large numbers.

e Bernoulli's Theorem.
e Price and Probability.
e De Moivre's Theorem.

e T he One-Sided Central Limit Theorem.



REVIEW: THE (INFINITE-HORIZON)
FAIR-COIN GAME FOR THE STRONG
LAW OF LARGE NUMBERS

Players: Skeptic, Reality
Protocol.

Ko = 1.

FORn=1,2,...:
Skeptic announces M, € R.
Reality announces =, € {—1,1}.
/Cn — }Cn—l —|— Mnxn-

Winner: Skeptic wins if (1) K, is never neg-
ative and (2) either Iimnﬁoo%zg‘zl x; = 0 or
liMy—oo IKn = 0co0. Otherwise Reality wins.

Skeptic has a winning strategy in this game. So we say. ..

e ...Skeptic can force liMm, ..o =3 " x; = 0.
o ... lim, o> @ =0 happens almost surely.

° ... Iimn_m%Z?:l x; = 0 has probability one.

2



GENERALIZATION: INFINITE-HORIZON
FAIR-COIN GAME WITH GOAL FE

Players: Skeptic, Reality
Protocol:

Ko=1.

FORn=1,2,...:
Skeptic announces M,, € R.
Reality announces =, € {—1,1}.
/Cn — ICn—l —|— Myx,.

Winner: Skeptic wins if (1) K, > 0 for all n
and (2) either E happens or limp—eco Ky = 0.
Otherwise Reality wins.

If Skeptic has a winning strategy in this game, then
we say. ..

e ...Skeptic can force E.
e ... FE happens almost surely.

e ... FE has probability one.




THE (FINITE-HORIZON) FAIR-COIN GAME
FOR THE WEAK LAW OF LARGE NUMBERS

Parameters: Natural number N, e >0, oo >0
Players: Skeptic, Reality
Protocol:

Ko = o.

FORn=1,2,...,N:
Skeptic announces M, € R.
Reality announces z, € {—1,1}.
O ’Cn—l —I— M, x,.

Winner: Skeptic wins if (1) K, is never negative and
(2) either Ky > 1 or |Sy/N| < €, where the process S is
defined by So:=0and S, => " ;z; forn=1,...,N.

Finitary in three respects:
e Finitely many rounds N.
e Skeptic tries to multiply his capital by a~1, not by co.
e Skeptic wants Sy/N close to zero, but not infinitely
close.

Bernoulli’s Theorem Skeptic has a winning strategy if
N > 1/(ae?).




Lemma 1 Set
S22+ N-n

Ly - fornm=0,1,...,N. (1)

This is a nonnegative martingale, and Lo = 1.

Proof Because §2-82 | = 28, _1xz,+22, the increment
of S2 —n is

(87—n) — (S5, — (n—1)) =28, 12, + (27 — 1).

Since z2 = 1, §? — n is a martingale; it is obtained by
starting with capital O and then buying 2S,_-1 tickets
on the nth round. The process L, is therefore also a
martingale. By (1), Lo=1and £, >0forn=1,...,N.

Bernoulli’'s Theorem Skeptic has a winning
strategy in the finite-horizon fair-coin game if
N > 1/(ae?).

Proof Suppose Skeptic starts with o and plays aP,
where P is a strategy that produces the martingale L,
when he starts with 1. His capital at the end of the game
is then ozSJQ\,/N, and if this is 1 or more, then he wins.
Otherwise aS%/N < 1. Multiplying this by 1/(ae?) < N,
we obtain |Sy/N| < €; Skeptic again wins.



Bernoulli’s Theorem with Probability

Protocol:
/Co = O
FORn=1,...,N:
Skeptic announces M, € R.
Reality announces z, € {—1,1}.
’Cn = ’Cn—l + M, x,,.

Upper and Lower Probability:
Consider an event E (E C €, where Q = {-1,1}"). Its

upper probability is

P E := inf{a | Skeptic can parlay « into at least 1 if
E happens and at least O otherwise}.

Its lower probability is
PE:=1-PE°

where E°€ is the complement of E; E€:=Q \ E.

Now consider the event E = {|S/N| > €}.

According to Bernoullli's theorem Skeptic has the de-
sired strategy if N > 1/(ae?), or a > 1/(Ne?). So

P S—N>e<1.
N | — — Ne2

Sn 1
Pq=> >1——.

Equivalently,




Does upper probability have a frequentist
meaning when we adopt the fundamental
interpretative hypothesis?

Example: Bernoulli’'s theorem says that

P S—N > e < !
N | — — Ne2
when we play the coin-tossing game for N rounds. Does
this mean that if we play it for N rounds repeatedly, then

the event |Sy/N| > e will happen less than 1/Ne? of the
time?

Yes.

e Each block of N rounds can be treated as a single
round in which Skeptic can pay 1/(Ne?) to get 1 if
|ISn/N| > € happens.

e In the extended game consisting of infinitely many
such rounds, Skeptic will get infinitely rich without
risking bankruptcy unless |Sy/N| > e happens less
than 1/Ne? of the time.

See the bounded upper forecasting game on p. 72,
Proposition 15.6 on p. 365, and the last section (§5.3,
p. 14) of our response to Tutubalin.



Bounded Upper Forecasting Game, p. 72

Parameter: C >0
Players: Forecaster, Skeptic, Reality
Protocol:
ICO = 1.
FORn=1,2,...:
Forecaster announces m, € [—C, C].
Skeptic announces M,, > 0.
Reality announces z, € [-C, C].
Kn = Kno1+ My(x, — my).
Winner: Skeptic wins if (1) I, is never negative and (2)
either liMsup, .= > 1 (zi — m;) < 0 or liM, .0 Ky = o0.
Otherwise Reality wins.

Skeptic has a winning strategy in this game.

Suppose Forecaster must always set m,, equal to p, and
Reality must make each z, either O or 1.
]Co = 1.
FORn=1,2,...:
Skeptic announces M, > O.
Reality announces z, € {0,1}.
Kni=Kp-1+ Mn(ajn - p)

Constraining his opponents does not hamper Skeptic's
winning strategy. So limsup,,_.. = > i (z; —p) <0 or

1 n
Iimsup—in <p

n
e i=1

almost surely.



Bernoulli’s Theorem
— 1

for fixed e > 0 and 6 > 0 when N is sufficiently
large, where y is the number of heads.

De Moivre’s Theorem

_ N/2
Y /<b

1 b
e <Y T Varh

for fixed a and b when N is sufficiently large.

_ZQ/QCZZ

as]

a <

The symbol P represents both upper and lower
probability. A statement where it appears is to
be read as the conjunction of two statements,
one with P and the other with P.

General Form of De Moivre’s Theorem

y— N/2

~ 1 >
J/N/a ”E/_oo

=

U

U(z)e_ZQ/de




PRICE AND PROBABILITY

Ko = «a.

FORn=1,...,N:
Skeptic announces M, € R.
Reality announces z, € {—1,1}.
Kn i=Kn—1+ Mnzn.

Upper Price for a Variable y:

Ey := smallest initial stake Skeptic
can parlay into y or more
at the end of the game

= inf{£(0O)|L is a martingale and
£(331,...,£CN) Zy(mlaaa:N)}

L£(0) is the martingale’s initial value.

Suppose Skeptic is willing to sell a variable to
the public at any price at which he can replicate
it with no risk of loss. Then Evy is his minimum
selling price for y.
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Upper Price for a Variable y:

Ey := smallest initial stake Skeptic
can parlay into y or more
at the end of the game
= Skeptic's minimum selling price for y.

Proposition

Ey; +Eyo > Ely1 + yol. (2)
This follows from the fact that the sum of two
martingales is a martingale (add the strate-

gies).

Buying y for « is the same as selling —y for —«a.
So — E —y is Skeptic’'s maximum buying price for
y. We call this its lower price:

By :=—-E-—y.

By (2), Ey — Ey > EO, which is 0, because
Skeptic cannot make money for certain. So

Ey>Ey.
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Probability from Price

Ey = Skeptic’'s minimum selling price for y.

Ey = Skeptic's maximum buying price for y.

We recover the concepts of upper and lower
probability when we set

FE:: EIE and EE:: EIE‘,

where Zr is the indicator variable for F.

PE :=EZp = smallest initial stake Skeptic
can parlay into at least 1 if £
happens and at least O otherwise

EE:EIE — —E—IE — —E[—l _I_IE']

—=1-EZIp=1-PE.
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THE CENTRAL LIMIT
THEOREM

We consider only coin-tossing (DeMoivre's
theorem). For simplicity, we now score Heads
as 1/4/N and Tails as —1/4/N.

FORn=1,...,N:
Skeptic announces M, € R.
Reality announces z, € {—\/IN, \/1N}.
Kn = ICn—l + My xo,.

Consider a smooth function U.

De Moivre’s Theorem For N sufficiently
large, both EU(Sy) and EU(Sy) are arbitrarily
close to [Z2 U(z) No.1(dz).
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How do we prove De Moivre’s theorem?

We want to know the price at time O of the
payoff U(Sy) at time N. Let us also consider
its price at time n. Intuitively, this should de-
pend on S, the value of the sum so far. As-
sume, optimistically, that the price at time n is
given by a function of two variables, U(s, D):
the price at time n is U(Sn,¥).

Successive prices are
U(0,1),U(S1, ¥ g*); - --

o U(SN-1, %), U(Sn;, 0),
These must be the successive values of a mar-
tingale.

e U(Sy,0) must equal U(Sy).

e U(0,1) is the price that interests us.
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We want to choose U(s, D) so that
U(0,1),U(S1,"F), - -

.., U(SN_1,%),U(SN,0)
is a martingale with U(Sy,0) = U(Sy).

Consider the increments in s, D, and U:

[ ASn:xn:iﬁ

o AU, = U(Sna %) - U(Sn—la N_]?\}—l_l)-

Study AU with a Taylor's expansion:

_ oU oU 102U 5
AU~ —As+—AD+ = A
9s 2T opAP t 55289
_oU oU 102U 1

=" ap 202w
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AU ~ — :
0s 0D 20s2’N

oU oU 10%U. 1
r— (— —

We need the second term to go away, which
requires

oU _ 10°U

oD~ 2 9s2

Then we obtain the desired martingale by buy-

ing %—g x-tickets on the nth round. In other
words, we set

My = %_(S](Sn—la N_;\?}—i_l)-

The partial differential equation

oU  10°U

oD 2 9s2
IS the heat equation. Laplace showed that its
solution is a Gaussian integral.
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T he partial differential equation

oU  10°U

0D 2 9s2
IS the heat equation. Laplace showed that its
solution is a Gaussian integral.

With the initial condition U(s,0) = U(s), the
solution is

U(s, D) = [ UGN p(d2)

— 0

= [ U(s+2) No,n(d2).

So the initial price, U(0,1), is

|~ UG Noa(d).
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Rigorous Proof (deal carefully with the remainder
terms in the Taylor expansion)

We want a martingale V starting at [ U(z) No,1(dz) and
ending up with U(Sy) < Vy +e.

On round n + 1, Skeptic knows zi1,...,x,. SO he buys
(80U /0s)(Sy, Dy) tickets, where

n

mn
Sn ::Sn: g Li,y Dn::]-__a
=1 N

with

U(s,D) := /OO U(z) Nsp(dz).

— o0

— oU oU
(Sny D) = S=(S DS + 5=(Sn, Dn)

102U 02U
- - S/ .D/ dSn 2 S/,D, dSnd.Dn
5 g S DS + G55 (5,.D)
10U
+ EW(S;“ D!)(dDy)?,

forn =0,...,N — 1, where (S/,D]) is a point strictly
between (S,, D) and (Sp+1, Dnt1)-

Notation: AA, = A, — A,—1 and dA, ‘= A,4+1 — An.
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Now expand 02U /9s?:

02U
——(Sp, Dn,
a§2_( ) +
0°U
+ 2
0DOs
where (S/, D) is a point strictly between (S,, D,) and
(S!,D!), and dS], and dD), satisfy |dS]| < |dSy|, |[dD.| <
|dDy|. Plugging this and the heat equation, into our
expansion of dU(S,, D,), we obtain

63U 2 2
553 ow P

(S, Dy)dDn,,

n "dS!,

9°U
@(S{w D/) —

_ oU oU
dU(S,, D,) = a_(S“’ D,)dS, + 8—D(Sn, Dy,) ((dSn)* + dDy)
S
103U 1 93U
-2~ S// D// dS’ dSn 2 -
+28832_n, 2)dS;,(dSy) +28D2<‘9_32
02U 102U
S/ D/ dSnan T~
T 838D( w D) T 28D2(

The first term on the right-hand side is the increment

of our martingale V: the gain from buying %(Sn,Dn)
tickets on round n+1. So we only need to show that the
other terms are negligible when N is sufficiently large.

(Sy, Dp)dD;, (dSn)*

" S!, Dl)(dDy)?.
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dU (S, Dp) = %—U(sn, D,)dS, + g—g(sn, D) ((dSn)? + dDy)
S
103U 1 03U

i S// D// dS/ dSn 2 - S// D// dD/ dSn 2

277 1 277
i (S;,D’)dSnan—I———a v S D!
0s0D 20

The second term is identically zero, because (dS,)? =
a:fH_l = 1/N = —dD,). All the partial derivatives involved
in the last four terms are bounded: the heat equation
implies

+ )(dDy)?.

n

o%U _ 90U _ 18U &°U _ 185U
0DOs2 920D 2 9s*’ 9sOD 2 9s3’
0°U 1 93U _ 10*U

8D2 ~ 20DOs2 4 9s*’

and 03U /0s® and 9*U/0s*, being averages of U and
U, are bounded. So the four terms will have at most
the order of magnitude O(N—3/2), and their total cumu-
lative contribution be at most O(N~1/2).
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T he One-Sided Central Limit Theorem

Allow Reality to choose x anywhere in an in-
terval instead of limiting her to two values.

FORn=1,...,N:
Skeptic announces M, € R.
Reality announces z, € [-1/4/N,1/y/N].
Kn i =K,—1+ Mpxn.

Now As < AD instead of As = AD. The
upper price will be given by a function U(s, D)
that satisfies

[ |imD_>0U(S,D) = U(S),
e U(s,D) >U(s), and

o U _ 10°U
0D — 2952

This is diffusion with heat sources that keep
the temperature at s from falling below U(s).
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Numerical results are easily obtained but differ
from those for De Moivre’'s theorem.

De Moivre In the De Moivre case, where Re-
ality must choose between two values on each
round, the upper and lower prices are approxi-
mately equal. We obtain a nonzero belief that
the final sum will be a certain distance away
from zero:

P{|Sy| > 0.01} = 0.992
P{|Sn| < 3} =0.997

One-Sided In the one-sided case, where Re-
ality can choose from an interval, the upper
and lower prices are very different. We do not
obtain a nonzero belief that the final sum will
be a certain distance away from zero:

Upper probabilities Lower probabilities
F{|SN| > 0.01} =1.000 P{|Sy|>0.01}=0

P{ISn| <3} =1 P{|Sn| <3} =0.995
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